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THE  DEVELOPMENT  OF  FUNCTIONS  AS.iOCIATED  WITH 


SU'AFACE  WAVES  OVE3i  AN  INCLINED  BOTTOM 
By 

Hana  Lewy 


Introduction . 

The  problem  of  surface  waves  over  an  inclined  bottom  can  be  formulated 
thus:  construct  the  harmonic  functions  the  velocity  potential 

of  the  flow,  which  on  the  surface  y - 0,  x > 0,  satisfy  the  boundary  con" 
dition  ~ ^ f while  on  the  "bottom”  x = y cot  at  IT,  y < 0 the  normal 
derivative  of  cjP  vanishes.  Here  it  is  appropriate  to  admit  for  cc  any 
number  between  0 and  1,  and  even  the  limit  case  <X  = ± in  order  to  in- 
elude  the  so-called  dock  problem.  The  domain  of  regularity  of  is  the 
sector  included  between  the  two  rays  formed  by  surface  and  bottom. 

If  instead  of  Cp  the  analytic  function  f(z)  of  the  complex  variable, 
z = X + iy,  is  considered  whose  real  part  is  Cp(x,y)  and  a proper  choice 
is  m^de  of  the  arbitrary  additive  constant,  the  function  f(z)  becomes 
solution  of  the  difference-differential  equation  in  a sector  of  double  angle 
211 -X 


(E)  (d/dz)  (f(z)  - f(e  z))  ♦ i(f(z)  ♦ f(  g.  z))  = 0,  £ ~ e 


•2  Tiioc 


and  this  equation  permits  the  analytic  extension  of  f into  the  logarithmic 
Riamann  surface.  The  relationship  of  f and  Cp  3'’  not  reversible,  the 
class  of  real  parts  of  such  functions  f being  larger  than  that  of  functions 
H'  as  defined  above.  Nevertheless,  the  versatility  provided  by  the  theory 
of  regular  functions  of  a complex  variable  justifies,  even  in  the  considera- 
tion of  surface  waves,  the  concentration  of  interest  on  the  solution  of.  (E)  . 
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The  first  problem,  and  the  one  first  solved,  was  that  of  the  construc- 
tion of  the  s'landing  wave  in  the  infinite  sector  0 > arg  z > ” TFoC  whose 
associated  velocity  ranains  bounded  throughout  the  sector  [ll,  [3l>  [5l»  The 
corresponding  complex  function  ^q(z)  has  been  the  subject  of  closer  study 
in  [2],  The  reason  is  that  from  it  other  solutions  of  (E)  can  be  derived 
by  simple  integral  formulae,  and  that  the  manifold  of  these  is  wide  enough  to 
provide  a basis  for  all  solutions  of  (E)  which  remain  regular  and  continu- 
ous in  the  neighborhood  ( z|  < r for  bounded  I arg  z | , no  matter  how 
small  r > 0.  This  is  one  of  the  main  results  of  [2  ! (Theorem  12.l)„  A 
tion  now  arises  as  to  solutions  of  (E)  which  tend  to  zero  as 
z->-oo  in  the  sector  0 > arg  z > -2 'mr  • Indeed  we  may  compare  the  situa- 
tion with  that  arising  in  the  case  of  analytic  functions  regular  and  single 
valued  in  the  whole  plane  excepting  possibly  z = 0 and  z = oo  . Here 
the  Laurent  series  development  yields  the  dissection  of  such  functions  into 
a sum  of  two,  the  first  continuous  at  the  origin,  the  second  tending  to  zero 
at  oo«  But  this  Laurent  decomposition  exists  cot  only  for  the  indicated 
class  of  functions,  but  for  functions  which  need  be  regular  only  in  a cir- 
cular ring,  and  indeed  only  exist  on  a single  circumference  with  oi'igin  as  center. 
For  then  the  Laurent  series  is  the  Fourier  decomposition  of  the  functior  on 
this  circumference.  Now  there  reigns  a perfect  analogy  in  the  class  of 
•functions,  solutions  of  (E),  and  this  paper  is  devoted  to  its  establishment. 

Throughout  this  paper  repeated  use  is  made  of  the  results  of  [2]  and 
for  this  reason  re  have  adhered  to  the  same  notations  as  in  [2], 

1,  Notations  and  recall  of  basic  facts. 

Denote  by  (z)  Isaacson’s  function  [ll 

^ P(z)  ^ 


where  g(^)  is  the  analytic  function  defined  in  the  right  half  plane  by 
(see  [3],  p.  91) 


/ -r  X r 1 r -1  / t^  - 1 X ^ 

g(I)  = exp  J log  ( -y-c t; ) -v;  ^ 


dt 


and  where  the  path  P(z)  comes  from  rx>  e~^^,  goes  counterclockwise 


aroiand  the  origin  outside  the  unit  circle  and  out  to  co  e 


ITi 


if  Re  z > 0, 


According  to  [l],  g(^)  is  regular  in  the  wedge  defined  by 

= re^®^  , r > 0 , - ^ - 2« 

with  arbitrary  small  ^ 0 and  tends  there  to  1 as  | ^ | tends  to  oo 


Furthermore  at  the  origin 


21C 


- 


(1  • )((?)) 


where  is  regular  in  ^ and  continuous  in  ^ and  o(  in 

0 1 , «|<  I?  ! with  a fixed  independent  of  oC.  is 

a bounded  solution  of  the  surface  wave  problem  for  angle  TToC  between  sur- 
face and  bottom.  As  z->oo  in  a sector  S > arg  Z'  > - ^ with 

0 < S < ocTT  Yfe  have  the  estimate 


(1.1) 


I^(z)  = A e“^^  ♦ B + o(z“^'^^  ) 


where  A and  B are  continuous  functions  of  oC  whose  exact  values  do  not 
matter  except  for  A 0 . 

^ -iTToC*  7Ti/2  , ^ r^/  \ 

For  z on  a ray  z = z e , we  choose  for  P(z)  a path 

- jTTi  * IT  i o<. 

coming  from  we  on  a ray  through  the  origin,  avoiding  and 

surrounding  the  unit  circle  in  the  positive  sense  and  returning  back  on  the 

Ti-iot  ♦ •rri/2 


same  ray  to  oo  e 


. For  the  computation  of  I (z)  we  may 


replace  the  portion  of  the  path  P(z)  traveled  twice  in  opposite  directic 

Tri(<?C  * 

outside  the  unit  circle  bv  the  same  path  traveled  simolv  to  oo  e 


|OJ 


- h - 
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but  with  the  integrand  g(  ^ ) replaced  by  the  integrand  g(^)  - g(^e  ) , 
Employing  the  same  technique  as  in  [1]  we  find  for  |^j  > 1 on 

|g(^)  - 

1.  _ 1 

= 2|sinTT/(2c^)|!5l  ^ 2 ccstTo^l^l, 

. (I?:-  1)-  1)-  2 cos(IT/c^)U|.l)- 


by  approximation  of  oC  through  rationale  of  form  p/(2q)  . Hence 


I'(z'>  = 

o 2TT 1 


P(z) 


- fj^(z)  * 1^(7.) 


where  f2(z) 


C»  ^ \o(.t  Tf) 

J ,ri(c<  . 


(g(<) 


-2  rri. 

g(^  e ) 


i-l 


and  It(z)  is  a regular  function  of  z and  continuous  in  oC  and  z . 

X 

Hence 


J lf2(t)l|dt|  < 1'  ' dt  e'^^K^  °^d^ 

00  -i-l  - 2 

<k|  (l-e'"^'^)5  ” d^'<  KoC.  2"*^< 


wit)i  K a constant  independent  of  c<  . Thus  it  follows  that  the  function 
I^(z)  is  of  bounded  variation  on  a segment  of  a ray  of  angle  (-o<*  l/2)TT  , 
extending  from  the  origin  to  any  finite  distance  r , and  that  this  total 
variation  is  uniformly  bounded  by  some  M(r)  for  an^-  closed  set  of 
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0 i Since  Iq(z)  is  real  on  the  ray  of  angle  -'Wad,  the  total 

variation  of  Iq(z)  is  bounded  by  the  same  bound  on  the  ray  of  angle 
(-cC  -1/2) 7[  , By  familiar  reasoning,  the  total  variation  of  Iq(z)  is  hence 
also  uniformly  bounded  on  any  ray  of  angle  rrQ  in  l/2  ^ ^ •S  -cC  ♦ l/2. 

From  the  functional  equation  satisfied  by  Iq(z)  follows  the  extension  of 
this  result  to  an  arbitrary  fixed  interval  for  the  angle  tt^  of  the  ray, 
and  finally  net  only  for  rays  through  the  origin,  but  likewise  for  circles 
through  the  origin  whose  radii  are  equal  to  a fixed  n’lmber  r. 

The  functions  introduced  by  R.  S.  tehman  [2l,  p.  IO4,  for 

k = 1,  2,  ***  can  be  extended  to  the  value  k = 0 by  setting 

(1.2)  Jj^(z)  = J I^(t)  (z-t)"^'^  dt,  k = 0,  1, 


with  the  path  of  integration  determined  by  requiring  it  to  leave  z to 
the  right  if  arg  z = 0.  The  integial  is  no  longer  absolutely  convergent 
for  k = 0 but  its  convergence  follows  from  the  asymptotic  estimate  (l.l) 
of  I^(z),  Computation  yields 


(1.3) 


J,  (z)  = A e (z-t)  ^ ^ dt  0(1),  /^  = 


k/iX- 


/j'TTiA  r-,-1  -iz 

= 2-^1  e ) (!♦/  ) A e ♦ o(l) 


as  z — >00  in  0 > arg  z •>  - cCif,  On  the  other  nand,  if  J"  > 0 is  small, 
then, 

(1.4)  I Jj^(z)j  < const,  /z  1"^''^,  as  ) z / ->oo  , - J ^ arg  z > -2  TjT. 

In  view  of  (I.3)  we  introduce  the  functions  defined  by 

(1.5)  = TCl  ♦ k/oC)  Jj^(z)  - Jk-i(z)j  k=l,2,. 
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They  satisfy  the  relations 

(1.6)  ( I ^ const  jzj  ^ |l_j^(z)|  ^ const.  I z|  ^ 1^/oC 

as  I z I -♦00  in  0 > arg  z > -2  Tf, 

For  positive  k the  functions  Ij,(z)  are  defined  ([2],  p.  100),  as  the 
fractional  integrals  of  I^(z), 

(1.7)  Ij^(z)  = J I^(t)  (z-t)^^  dt  • r‘^  (k/cA.),  k > 1. 

o 

The  functions  Jj^  are  continuous  functions  of  z and  cC  for 

z/O,  0<<A  ^1.  Furthermore 

I^(0)  =“  1;  =“  0,  k > 0;  2 ♦ const  + o(l) 

as  z — vO. 

Of  great  consequence  is  the  formula 

(1.8)  J (z)  - J (ze“^^^)  = ♦ 27lil  (z) 

o o o 

which  is  a direct  consequence  of  the  definition  of  J (z). 

o 

2.  Bilinear  Invariant. 

For  two  solutions  f and  g of  (E)  we  form  the  invariant  (see  [2], 
p.  109) 

Q[f'»gl  = 2 ) f'(t)  g(t)  dt  ♦ (f  (t)  ♦ f(t6))  (g(t£)  - g(t)). 

'^ze 

Q is  independent  of  the  choice  of  z and 
(2.1)  Q[f',g]  - -QCg',f]. 

Evaluating  the  invariant  for  z-yO,  we  find  in  particular 

Q[l',  J ] = I ] = -47ri0C. 

o o o o 
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Furthermore  = 0,  k = 1,  2,  *•*,  and  QCJ^,  = 0.  For  gC  < 1, 

we  have  Q[J-[,  J^l  •*  0 since  by  (1.2),  for  /z(  large,  0 ^ arg  z > -ZTfcC, 
certainly  | (z)  | i l.zj  const  and  j remains  bounded,  so 

that  the  invariant,  evaluated  for  z-»*oo  tends  to  0,  Consequently 
QCJt,  J ] = 0 also  for  gC’’  1,  since  the  invariant  may  be  formed  for 
I z I = 1,  and  on  | z ( “ 1,  Jj^  and  are  continuous  in  z and  gC  • 

Thus  we  find 

QCJq,  = 0, 

and  by  a similar,  even  simpler  argument 

QCJq,  I_kl  “0,  k = 1,  2, 

Furthermore  also  by  (l,6)  and  (2,l) 

° J,  k =«  1,  2, 

The  essential  usefulness  of  the  functions  is  based  on  the  formula  of 

[2]  Lemma  11.3  which  states  that  for  k > V > 0 

• (1  • k/(C). 

Hence,  by  (I.5), 

QLlIk,  = 0 for  k > . 

Moreover 

QCl^k*  ^k^  " 47ri(X, 


8 


since  by  [2]  Lc=na  11,1,  QtJ^»  ly)]  = 0 for  V > k.  Likewise 

Q[i2j^,I^1  = 0,  7^>k. 


Set  for  brevity's  sake 

Then  we  have  proven 
(2.1) 
and 


Q[f',g]  / = [f,g], 

[f,g]  " -Cg»f3 


(2.2) 


and 


0,  k = j / 0 or  k = j = 0, 

1,  k > j = 0,  k < j, 

-1,  k ^ j = 0,  k > j. 


■1,  k - 0, 

0,  k / 0, 


3.  ,proEe.i:tJ.sa..-2£ 

As  pointed  out  in  [2],  p,  100,  the  I^(z)  are  the  successive 
fractional  integrals  of  J.  (z),  i.e,  for  k > 1, 

. 4 ° , 

Ij^(z)  - D I^(z)  = r"^(k/cC  ) 

A similar  relation  holds  for  the  I , with  negative  index.  But  the 
definition  of  the  operator  D ^ for  functions  which  become  infinite 
at  z = 0 must  be  changed.  Observe  that  if  F(z)  satisfies  the  estimate 
1f(z)1  i const  |z|  ^ where  A>  0»  then  the  definition  (with  positive 
integral  j ) 

D-Z  P(Z)  - r-1  (]M  ) r (,-z)3'^  -1 

z 


F(z)  dz 
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converges  for  0 < < A • 0 ^ t < z.  CslculaLion  gives 

(3.1)  (z-t)“^V(l  > A ) = r ( A - 5/(C){z- 

a formula  first  valid  for  t < z and  then  for  arbitrary  t,z  by  analytic 
extension.  Hence 

jfiA  ]->(i  ♦ k/tfC  ) j^(z)  = r (1  ♦ (k-j)/it)  0 < j < k, 

and  consequently  by  (1.5) 

(3.2)  I_j^(z)  = I_(j^_^)(z),  1 < j :S  k - 1 

4.  r- solutions. 

The  equation 

u'(2'‘)  “ u'(£z)  + i(u(z)  ♦ u(£z))  =0 

heretofore  was  always  interpreted  as  a relation  affecting  functions  of  a 
complex  variable,  regular  within  some  two-dimensional  domain  of  the 
variable  z.  But  if  we  fix  attention  on  a single  circumference,  say 
{zj  = r,  it  still  makes  sense  to  talk  of  a solution  u of  the  equation, 
defined  only  on  | z|  = r,  regardless  of  whether  or  not  u can  be  extended 
into  a neighborhood  as  a regular  function.  Such  solution  will  be  called 
an  r- solution. 

If  the  values  of  an  r-solution  u(z)  are  known  only  on  0 > arg  z > -2  TToC 
and  have  a continuous  derivative  there,  then  the  equation  permits  to  define 
u(z)  as  r-solution  on  the  arc  -2TKt^  arg  z > "47l(f,  so  that  u(z)  remains 
continuous  at  -2Tt'«C,  and  its  derivative  is  continuous  in  -2Jf(C>  arg  z > -4W» 
although  it  may  ha'^e  different  limit  values  upon  approach  to  z = -2  Tr'cC 
from  the  inside  of  the  two  arcs  meeting  there.  This  process  can  be  re- 
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peatsd  so  as  to  jield,  starting  with  an  arbitrary  function  on  jz|=  r, 

0 ^ arg  z 2 ”2TToC  of  class  C*,  an  r-solution  u(z)  defined  on  tbo  infinitely 
often  wound  circumference  I z I = r of  the  logarithmic  Rieraann  surface}  and 
u(z)  will  have  a derivative  continuous  on  every  partial  arc  arg  z >27T('V^“1)^C, 

= ***,  -1,  0,1,***.  It  is  our  purpose  to  show  the  developability  of 
r-solutions  in  series  of  Jq(z)  and  I^(z),  k = 0,  ♦ 1,  ♦ 2, 

5.  The  rational  case. 

Assume  now  that  equals  a reduced  fraction  p/(2q)  with  even 
denominator,  0 < OC  = p/(2q)  < 1,  Let  F(z)  be  rn  r-solution,  continuous 
on  j z I = r,  and  with  derivatives  up  to  the  order  q continuous  within  each 
arc  2in)()C.^  arg  z ^ 271  (v>  l)£L  , Since  by  (E) 

(D  •»  i)  F(z)  = (B  - i)  F(£  z),  e = 

we  find  (see  also  [3])  with 

<p(B)  - ^ (D  18^) 

V-0 

q 

since  g = -1,  that 

cP(D)  F(z)  = Tf  (D  ♦ ie'^)  f(£z)  = - ^ (Dfc"^  ♦ i£^)  F(ez) 

1 t)=0 

= - (piDe."^)  F(£z). 

Hence 

F(g.z)  = -f(D£"^)  ?(e^z),  ••• 

and  finally 

<P(D)  F(z)  = F(z£~^)  = f(D)  F(ze"^^^P), 

Hence  the  difference  jf(s)  = F(z)  - F(ze  satisfies 
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(p(D)  jf(z)  = 0 


and  J(z)  is  a continuous  r-solution.  We  find  accordingly 

J(Z)  -2:^  e-^-  ^ 

o 


and  substitution  in  ( E ) yields  the  further  information 

= h^_^  (-i£^-i)  / (-i£^*i),  1,  •••,  q-1 


which  shows  (f(z)  to  be  determined  but  for  a constant  factor. 

In  particular  consider  the  difference  Jq(z)  - ® By 

(1,8)  we  see  that 

<f(z)  = Jq(z)  - Jq(z  = 2TT  ♦ I^(z  ♦ •••  + I^(ze“^^^ 

and  here  right  hand  is  not  equal  to  the  constant  zero  as  it  tends  to 
2Tfi  p as  z-^0.  It  follows  that  we  may  subtract  from  our  r-solution 
F(z)  a multiple  c Jq(z)  of  30  that  F(z)  - c Jq(z)  is  periodic 

as  arg  a is  replaced  by  arg  z + 2tfpv  It  thus  appears  that  for  the  pur- 
pose of  develops bility  of  F in  terms  of  and  Ij^  we  may  assume  that 


(5.1) 


F(z)  = F(z  e'^^P). 


Accordingly,  with  F(z)  on  Izj  = r is  associated  the  Laurent-power 
series 


(5.2) 


with  the  oocfficiants 

where  the  integral  is  extended  over  the  circumference  wcujid  p times. 
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The  familiar  theory  of  Fourier  series  asserts  that  any  function  F(z) 
with  (5.1)  which  has  piecewise  continuous  derivatives  possesses  a convergent 
Laurent  power  series  and  equals  it.  Thus  a periodic  r-solution  u(z)  equals 
its  convergent  Laurent- power  series.  The  equation  (E)  translates  into  a re- 
lation between  the  coefficients  of  u 

(5.3)  ♦ ipf^  (1  + = 0. 

Suppose  an  index  p to  be  an  even  multiple  2n  q of  q.  Then 

f,  = fo  "Of  arid  forthermore  f„  ^ .=***=  / ,\  = 0. 

2nq-p  * 2nq-2p  2nq-3p  2nq“(q-l)p 

Accordingly  there  are  solutions  of  the  form 

2j2nq/p  p^(z),  n = 0,  * 1,  ... 

where  P^(z)  is  a polynomial  of  degree  q,  and  u(z)  is  a sum  of  such 
special  solutions. 

Observation. 

We  have  .seen  that  for  an  r-solution  co  with  continuous  derivatives 

of  order  q on  each  arc  2VaC\^£  arg  z ^ 2TT  (v^'*-l)iC.  , = Of  1 1,  * 2,  ••• 

there  is  a suitable  constant  c such  that  00 -cJ  satisfies  the  period- 

o 

icity  condition  (S.l).  It  is  easily  established  that  c depends  on  op 
in  a continuous  way.  Now  consider  an  r-solution  u possessing  only  a con- 
tinuous first  derivative  on  every  arc  defined  above.  Let  us  approximate 
u and  u’  on  the  arc  0 > arg  z > -Z^fcC  by  functions  co  and  where 
U)  possesses  continuous  derivatives  up  to  order  q on  this  arc,  (This 
is  possible  by  TVeiorstrass'  Theorem.)  We  extend  co  into  r-solutions  by 
the  equation  (E).  Observe  that  the  smallness  of  /u  - 60/  and  | u'  - Co' j 
on  one  arc  implies  smallness  on  an  adjacent  arc  for  the  same  quantities. 

The  periodic  r-solutions  co-  c have  as  limits  evidently  a periodic 
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r- solution  u - ''.im  c J . 

o 

Extension  of  Lehman’s  theorem  [2].  12,1, 

We  shall  now  give  a generalization  of  the  developability  of  solutions 

which  are  regular  near  the  origin  and  continuous  at  z = 0 to  solutions 

G(z)  which  are  regular  near  the  origin  and  which  tend  to  oo  less  than 

a negative  power  of  z as  z— ♦■0,  We  need  only  a special  form  here; 

greater  generality  flill  follow  from  our  general  development  theorem. 

Lemma  1.  Let  cC^  p/(2q).  Let  G(z)  be  a solution  of  (E),  regular  for 

z / 0,  and  j G(z)\^  |z|  '"'^'const.  for  some  integer  m > 0 for  bounded 

I arg  z ( . Then  G(z)  can  be  developed  in  a series 

00 

G(z)  = Y J^(z)  ♦ £2 

-m 


which  converges  absolutely  and  uniformly  in  every  circle  / z | R. 
Proof:  If  G(z)  - c J (z)  is  developed  in  a Laurent-power  series  in 


z^^^,  it  must  become  of  the  form  ^ Now  by  [2j,  (10,9), 


2Vq/p 


-m 


J,  (z),  k > 1 ar.d  consequently  (z)  start  with  the  nonvanishing  term 


of  highest  order  z 


-k/6c 


Accordingly  coefficients  c ^ and  c can  be 


assigned  so  that  the  Laurent-power  series  of  G(z)  - c I (z)  - c*J  (z) 

-m  -m  o 

starts  with  terras  of  order  no  higher  than  2^”®*^)^^ 

Thus  continuing  we  arrive  at  successive  coefficients  c^  for  negative 


■p  , such  that  G(z)  - c I (z)  - 

*111 

o(z-^'^^'p) 


- c 


-1 


I_1  (z)  i 


is  certainly 


near  z = 0,  If  we  subtract  further  a suitable  multiple  of 
J^(z)  then  the  result  will  be  periodic  of  period  27fp  in  arg  z,  and 
equal  a power  series  without  negative  powers  of  z^^^,  thus  be  developable 


according  to  Lehman's  Theorem,  The  lemma  nor,  follows. 
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Lemma  2:  Let  V-  (p+l)/2  , Define  as  TT _ ^ the  finite  power  sum 

z = - P(i^/^)z  which  is  that  solution  which 

by  [2],  (10.9)  is  generated  by  the  term  of  highest  order  of  infinity  in 
I_^(z)  . (Note  thatfr_^  contains  only  negative  po"ers.)  There  are 
(P“l)/2  constants  ®]_» • • )/2  * independent  of  , and  such  that 


(5.4)  IT 


♦ a,I 


-V)  -v>  “1-Vl 

Proof:  By  Lemma  1,  we  have 


♦ . ♦ a 


(l^l)/2  ^-i/^(i^l)/2 


V ° * ®1^-V*1  * ***  * ®(p-l)/2^“V^  + (l>-l)/2  * 


+ cJ  + ^ b^Iu(2)  . 

° -v*V*i)/2  ^ r 

Now,  since  in  0 > arg  z > -2TTo4  the  functions  for  k > 0 are  for 

large  \z{  bounded  by  lz|^^*^  const  , we  must  have 

° ° ’■^V-(p+l)2»‘^- ° » 


or  c 
z 


^•1  " •••  - ^_v*(p>l)/2  ° • ForU^  ^ is  at  QD  of  order 

-y.2q/p*q  _ of  order  V - (p*l)/2)  .2q/p  , t^et 

*Tr_y^  order  (p*l)q/p  s ^ VP  ^ hence  vanishes. 

Likewise  ~ 0 whence  b^  = 0 , On  the  other  hand, 

“ 0 for  n > 1 since  at  cd  , the  I ^ are  o(l)  . Hence 
b^  = 0 for  n > 0 . That  the  a ^ are  independent  of  V follows  from 

the  fact  that  for  V > (p*'i)/2  we  may  apply  to  both  sides  of  ($.4)  the 
operator  D . Right  hand  thereby  goes  into  the  expression  (see 

(3.2)) 


- 15  - 


+ a-I 


+ • • • fll  i 


■ “r-V+2 “(p-l)/2-"~  Vtl*(p-l)/2 

hence  into  a solution  of  (E).  Thus  left  hand  goes  into  a solution,  and 
since  each  power  of  z goes  necessaiily  into  another  power  of  z with 
exponent  larger  by  2q/p  » TT  _ ^^^+1  necessarily  generated  from  I 

as  TT  . from  I , . 

’ -V»  “V 


A similar  lemma  holds  for  the  solution 


,2kq/p  p^(z)  *TTj^  with  which 


the  development  at  the  origin  of  begins,  for  k > 0 . 


Lemma  3s  For  k > 0 , we  have 


(5.5)  TT,-!, 


k*l 


^ ^ ^ 


(p-^D/2  ■^k+(p+l)/2  ^ 


where  the  coefficients  a^  are  independent  of  k . 

Ph*ocf:  By  Lehman's  theorem  [2]  12.1, 

"TTo  * ^o  ^1^1  * 

Now  the  highest  degree  occurring  in  TTq  is  <1  • Hence  ® 

since  this  expression,  by  (1.6),  is  of  order  = |z|“*^^  as 

z — >00  . Similarly  tl_y>'TrQ]  “ ® V > (P'''3)/2  . Thus  all  coefficients 

a^  vani-sh  for  V > (P''’l)/2  • Application  of  the  operator  changes 

into  if  k > 0 , and  into  » q»e.d. 

For  the  solutions  ■yp  l)/2^  * ’ * * TT"  i give  a more  precise 

development,  except  for  remarking  that  they  admit  of  the  general  development 
of  Lemma  1. 

The  question  now  arises  whether  the  given  Laurent-'power  development 
of  an  r-solution  u(z)  with  u(z)  = u(ae^^^^)  can  be  rewritten  as  a con- 
vergent development  in  the  functions  J sind  I,  ,k  = 0,  + l,+2,  ... 

O iC 


- xo  - 


First  of  all,  if  the  Laurent-power  series  of  u converges  absolutely, 
reordering  permits  us  to  write 


OD 


u = cJ  + 


-00 


where  the  Cy  and  the  coefficients  f^  of  u are  related 


by 


P (1  + V/oC)  = f. 


- = f 


2Vq 


2Vq  = > V > 0 


- fsj  > y < 0. 


Hence 


-1 


00 


u - cj 


y C. . TT.  J=^cfl  -to'-r  * T 


V-, 


-(p^/2 


-00 


+ a^  a 


Now  it  will  be  seen  that  on  )z|  = r 

(6.2)  |l^j  <Mr  p ^(1  + V/(X.),  V>  0, 


(6.1)  |lvl  <Mr«^P(-  V/<^),  V<-3. 

Thus 

® 00 
00 


(p-l)/2  , p-1^ 

T —J— 


Zl=ylv^jl  «H  P(1  , V’4/,)P-1(1  , (j 

00 

«M  H|fJ  r(^"j>/o<.  , j>i^ 
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and 


-(p-^l)/2 

-(Pll)/2  . 

«M  ^ r 

-00 

- 00 

-(p+i)/2 

-(ptl)/2 

- OD  ^ ^ Ov. 

-(p-*-l)/2 

«M  \fyl  , l<j<(p-l)/2. 

- QD 


Furthermore  the  finite  sum  c TTi  is  a solution  regular  in  the  whole 

-(p-D/2  ^ ^ 

plane  for  z / 0,  hence  can  itself  be  developed  into  an  absolutely  convergent 

series  in  J and  I,  by  our  Lemma  1. 

0 k 

Thus  if  the  r-solution  u(z)  has  an  absolutely  convergent  Laurent- 
power  series  then  it  also  admits  of  an  absolutely  convergent  development  into 


a series  in  J and  I,  . 

0 k 


It  is  desirable  to  state  sufficient  conditions  relating  to  the  behavior 
of  u on  one  arc,  say  0 > arg  z > -2-rrdk  > which  insiire  the  absolute  and 
uniform  convergence  cf  the  Laurent-power  series  of  the  r-solution  u - cJ^  . 
It  follows  from  famili.ar  facts  that  existence  and  boundedness  of  the  second 
derivative  u (z)  on  |z|  * r,  0 > arg  z > -2lTc<,  yield  absolute  and  uniform 
convergence  of  the  corresponding  Laurent— power  senes,  neiiCt^  dxsu  of  Die 
development  of  u in  a series  in  and  I^_  . 

Definitions  An  admissible  r-solution  u is  a continuous  r-solution  witii 
bounded  second  derivatives  in  0 > arg  z > -2TTe^  . 
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6.  General  • 

The  estimate  (6.2)  follows  from  the  definition  (1.7)  of  for 

k > 0 with  M an  upper  bound  for  the  module  of  Iq(*)  in  < r , and 

0 > arg  2 > -2Trok  • The  estimate  (6.1)  is  obtained  in  several  steps; 

First  observe  that  the  definition  of  Jjj(^)  permits  us  to  write  for  k > 2 , 

- Io^t)dt  . 

o 

Now  on  any  circle  of  radius  r passing  through  tbe  origin  and  of  center  r 

^ ii^(t)j|  dti  remains  uniformly’-  bounded  for  by  a number  M(r) 

independent  of  . If  0 > arg  z > -217“  , one  of  the  semicircles  starting 

at  the  origin  will  have  distance  r from  z on  |zl  = r j hence,  the  last 

integral  over  the  semicircle  is  absolutely  no  more  than  the  bound 

r'  '®^K(r)  . On  the  remainder  of  the  path  of  integration,  |l^(t)|  remains 

-00 

bounded,  by  (1.1),  hence  again,  I J I < M(r)  , with  suitable  M(r)  . 

' 2r 

Thus  for  k > 2 , | Jj^(z)|  < ^ M(r)  , jzj  = r , 0 > arg  z > - 2 170. 

and,  by  (1.5),  for  k < -3 

1 Ik(z)|  f ^ p(I^)r-^^H(r)  , 

or 

(6.1)  - P » on  |z|  = r , 0 > arg  z >-21To^, 

k < -3  . 

Returning  to  the  case  ^ = p/(2q)  , let  u be  an  admissible  r-solution 
whence  u equals  the  uniform  limit  on  |z|  = r , 0 > arg  z > -2TTa^  , 


- xy  - 


00 

u(z)  = cj^(z)  + Y.  • 


-00 


Pbrning  the  invariant  on  the  circle  |z|  = r , we  obtain  therefore 

*^0  “ and  c = -[l^,u]  . 

Vfe  now  restrict  o<  to  a fixed  interval  0<c?<>„<c<<i  and  estimate  the 


o — 


magnitude  of  the  coefficients  as  jk| >•  oo  . 

For  k = -j  < 0 

r 

UTTie<,Cj^  = llTicX,[u,Ij]  = 2 J”  u'(t)i  (t)dt  + (u(r)  + u(r£  ))(l,(r£)  - i. 


rt 


(r)) 


/ 

rc 


= 2u  (r)  J I (t)dt  + (u(r)  + u(r£))(i  (r£)  - i (r)) 

y.^  J J J 

- 2 J u (t)dt  J I (t  )dt  . 
r£  r£  J 


Now 


(j/j?0(  J (r-t)^'^‘  ^ I (t)dt  - f (r£  -t)^'^  ^ (t)dt) 

O Uq  o'  ''  '' 

r 

r (j/oi,)J'  (r-t)'^'^  “ ^q(£,  ■t))dt 

r 

= -iP"^(jM-.l)J  (r-t)*^'^^  (I^(t)  I (£t))dt  . 


Th\xs 


20  - 


(lj(r)  - I,(r£)  j f T~^(2  v M(r)  , 


J/^ 


since  Iq(z)  depends  continuously  on  . Next 


/ i (t)db=  ,r  dt  r (t  - 1’)^/°^  I (t')dt'r"^(j/o<) 

c tL  o 


-f  dt  J (t  - t')‘5'^  I^(t')dt'r ’-^(l  t j/oc) 


r£. 


, , .V  i/<X  +1  -i/of  -1/,,  • V 

-*•  urcr'  - Z*"  )]’  -^(2  -f  j/oc)  . 


Therefore, 


I ^ I^(t)dt|  < r~\2  - i/c<  )M(r)rj/‘=^  , 


since 


/l 


depends  continuously  on  o(.  and  z for  o<^  1 1 


Hence  for  k = -j  < 0 


I Cj^  I < r '^(2  j/<X  )r'^/°^  K(r)  (u  + u'  + u”) 


where  U , U , U are,  respectively,  max(u(  , max/u'/  , max/u”/  in 
0 > arg  z > -2TTOC  , Accordingly,  by  (6.1), 


(6.5) 


I k|(|k|foC) 


k < -3  . 


Now  for  k > 2 
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r 


2u  (r)  J ^ I_^(t)dt  + (u(r)  + u(r  £ ))<’l_^(r  £ ) - i ^(r)) 


(t  )dt'  j 


- 2/  u"(t)dt  / I 

r£  rc 

00 

' J (■•  - (I„(t)  » I (£  t))dt  , 

o 'JO  k 

IV*'>  - •'k'‘‘  = )i  r-“''‘^  , 

< r M{r)P(-l  » k/ok  ) , k > 3 


fioreover 


(r£ 


t)-^/"^)dt 


and  as  above. 


I J d,(t)dt|  - ^ r-XAC  _ 

I ^ 

1^  I_,(t)dt|<P(i.i),-kA  _ 


•'^k*  - r"^/^  M(r)(u  ■<■  u'  + u")  . 


(6.U) 


k > 3 


n 

C 


2 - 


n 

u ) 


,-k/oC 


k(k  •-  c<  ) 


Thus 


00 

I 

- 00 


c,_I,  converges  absolutely  and  uniformly  for  all 


= IL. 

2q 


in 


0 ^ ^ admissible  r-solutions  u with  the  same  upper 

in  1 If 

bounds  U,  U , U for  lul,  |u  ( , |u  | in  the  respective  arcs 

0 > arg  z > -2lTds.  of  lz|  =■  r . It  is  easily  seen  that  the  convergence 

is  absolute  and  uniform  toward  u(z)  for  all  z with  bounded  1 arg  z\  , 

|zi  = r „ since  the  coefficients  are  obtained  as  invariants  of  two  solutions 

independently  of  r,  and  the  estimates  of  an  r-solution  can  be  appropriately 

transferred  to  adjacent  arcs.  Let  now  oC  be  an  arbitrary  number  in 

0 < <X.  < 1 . We  enclose  it  in  an  interval  oC  <cX^<ljO(.  >0.  Let 
— o — ' o 

there  be  given,  in  0 > arg  z > ••2TTo<.  on  jz]  ~ r , a function  u(z)  con- 
tinuous with  its  first  derivative  and  with  a bounded  second  derivative  of 

I . n 

the  respective  bounds  U.  U /2j,  U /2  . We  approximate  from  below  by  a 
sequence  of  c/y  of  form  p/(2q)  and  for  each  of  these  we  transfer  the 
given  function  u from  its  arc  to  the  arc  0 > arg  z > -ZTToC^  by  subjecting 
the  transferred  function  u^  (z)  to  the  rule 

i(arg  z)  oi.  /cf^^ 

Ujj  (z)  - u(re  ) . 

Then  (z)  has  on  its  arc  the  bounds  U,  U , U for  |u^|,  , juyl  . 

Each  u^  as  well  as  u generates  an  r-so.luticn  belonging  to  the  angles 
2tTo4.^  and  2TTct.  , respectively,  and  we  have  u(z)  ~ lim  u-j^  (z)  . Further- 
more the  developments  of  u^(z)  in  series  of  and  have  by  (6.U) 

and  (6.5)  the  same  major! z-aticn  by  an  absolutely  convergent  series,  while 
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the  terms  individually  converge  as  os 


oC  , since  both  Cj^  and 


converge.  It  follows  that  the  given  u(z)  can  be  developed  in  a series 
in  and  belonging  to  the  OC.  associated  with  u , with  the  coefficients 

given  by  (6.3)«  Hence  the 

Theorems;  A continuous  r-solution  u(z)  with  bounded  second  derivatives 

on  0 > arg  z > can  be  developed  in  an  absolutely  and  uniformly 

convergent  series  in  J and  I on  | z'|  = r for  bounded  | arg  z | . 

The  two  most  important  special  cases  are  Lehman's  theorem  in  which  are 

considered  regular  solutions  in  lz|  < R and  continuous  at  the  origin,  and 

the  case  of  solutions  regular  for  |z|  > r , which  in  0 > arg  z > 

tend  to  zero  as  z— >oo.  In  Lehman’s  case  J and  I,  with  negative  k are 

ok 

absent  from  the  development,  in  the  other  case  the  functions  J and  1, 
for  k > 0 . The  connection  between  ou’^  Theorem  and  these  two  special  case.5 
is  made  by  placing  circles  | z 1 = r into  the  domain  of  regularity,  applying 
the  theorem  and  observing  that  the  coefficients,  being  invariants  of  twy 
solutions,  cannot  depend  on  r . There  is  an  important  difference  in  the  two 
results,  however.  In  Lehman's  case,  the  convergence  is  uniform  for  bounded 
j aig  zj  and  ) zj  < R . In  the  other  case,  however,  all  that  can  be  asserted 

I 

is  that  the  convergence  is  uniform  on  every  ling  domain  R < )z',  < R < co 
with  bounded  | arg  z|. 

The  essential  difference  between  the  two  cases  is  appreciated  when  it 
is  noted  that  a solution  regular  for  small  |z|  and  continuous  as  z — > 0 
in  some  sector  is  continuous  at  the  origin  in  any  sector.  On  the  other 
hand,  the  function  Jq(z)  does  not  tend  to  zero  as  z — *-oo  and  arg  z = 0 , 
but  does  tend  to  zero  as  |z|  — >oo  and  '•2TTo<»  > arg  z > -U'TT^  , if 
is  sufficiently  small. 
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In  order  to  see  that  for  regular  solutions  u(z)  tending  to  0 as 

z — >00  in  0 > arg  z > “2ir!:^,  „ the  coefficients  of  I,  <>k  > 0 and  of  J 

are  all  zero  observe  that  \ Jq(z)  - 2TT  Ae  < const  |z|  ^ as  z— >oo 

in  0 > arg  z > - c^jr/2  and  } •/ | < j z|  constant  elsewhere.  Hence 

[J^,u]  = 0 . For  k > 1 , (1.6)  yields  [I  . ,u]  = 0.  Furthermore,  the 

coefficient  of  J must  be  zero  since  u — ► 0 as  z — *■  -ruo  but  j •/  > 0 
o o 

while  all  I,  , k < 0 , do. 
k — 

A corrollary  of  the  development  theorem  is  the  "completeness"  relation. 
Let  u and  CO  be  admicsible  resolutions,  their  coefficients  c,  c^^  and 
"y  , Tv  > respectively.  Then 

00 

!u,o]  • c r,.  - c„-!r  -k>  • 

For  the  proof,  assume  first  that  all  but  finitely  many  of  the  c,  are  zero. 

iC 

Then  the  relation  is  trivial.  Thus  if  we  put 

n 

u = cJ  + / c,  I,  , 
n / — k k 

-n 

we  find 


[u,  o:)] 


[00, u] 


~lim  [<i'  ,u  ] 
n — >00 


■f-k'k 
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